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ABSTRACT: It has been proposed recently that topological A-model string amplitudes for
toric Calabi-Yau 3-folds in non self-dual graviphoton background can be caluculated by
a diagrammatic method that is called the “refined topological vertex”. We compute the
extended A-model amplitudes for SU(N)-geometries using the proposed vertex. If the
refined topological vertex is valid, these computations should give rise to the Nekrasov’s
partition functions of N'= 2 SU(N) gauge theories via the geometric engineering. In this
article, we verify the proposal by confirming the equivalence between the refined A-model
amplitude and the K-theoretic version of the Nekrasov’s partition function by explicit
computation.
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1. Introduction

The study of topological A-model strings on non-compact toric Calabi-Yau manifolds has
been the important subject in the research of topological strings. Topological strings has
provided insights into mathematics and nonperturbative dynamics of gauge and string
theory.

On the one hand, it is in general very hard to caluculate the topological string parti-
tion functions exactly. However in some cases, various dualities enable us to simplify the
caluculation of topological strings greatly and provide new perspectives [f]]. For example,
the A-model partition function on the resolved conifold is given by the partition function of
Chern-Simons theory on S? . This is the geometric transition between the resolved conifold
and the deformed conifold [} []. By generalizing this argument, an elegant technique for
computing the A-model partition function on toric Calabi-Yau manifolds was formulated
in [f]. The formalism is called the topological vertex.

The mechanism of the geometric engineering is one way to study supersymmetric
gauge theories using string theory and topological string []. This approach tells us that



we can caluculate the F-terms of various N'= 2 SU(NN) gauge theories by using topological
A-model strings on certain toric Calabi-Yau manifolds. The partition function of the A-
model on the toric Calabi-Yau agrees with the Nekrasov’s partition function of N'= 2
SU(N) gauge theory [[j—[LJ]. Thus topological strings are useful tool to obtain insights
into the nonperturbative dynamics of supersymmetric gauge theories.

The Nekrasov’s partition function in a constant self-dual graviphoton background con-
tains | one parameter which is corresponding to the value of the background field. The
parameter is nothing but the topological string coupling constant in A-model side. On
the other hand, we can perform the instanton caluclation in the more general background
of non self-dual graviphoton configuration, and we get the K-theoretic version! of the
Nekrasov’s partition function [[4, [4, [5]. Then the Nekrasov’s partition function has one
more parameter in addition to the self-dual graviphoton background. Hence it is natural to
expect that there exists a 2-parameter extension of the topological vertex which will recover
the K-theoretic answer. Few attempts were made for defining the 2-parameter extension of
topological strings and formulating the algorithmical techniques to caluculate the extended
partition function [[[T, [, [q]. Recently a refined topological vertex was proposed in [[§].
In this article, we compute the refined topological A-model string partition function for
the SU(N) geomerties and check the equivalence of the refined partition function and the
K-theoretic version of the Nekrasov’s partition function.

This paper is organized as follows. In section 2, we review the geometric engineering,
the topological vertex and their 2-parameter extension. The refined A-model partition
function for SU(N) geomerties are calculated and the modification of the framing factor
is proposed in section 3. Conclusions are found in section 4. In appendix A, we give
brief introduction to Young diagrams, Schur functions, and the useful formulae for Schur
functions. In appendix B, a proof of a formula can be found.

2. Topological strings and instanton counting

In this section, we will briefly review the idea of the geometric engineering, topological
A-model strings, and the instanton counting.

2.1 Geometric engineering and A-model

Type ITA string theory compactified on a Calabi-Yau 3-fold yields an effective theory
in transverse 4-dimensions. Especially, enhanced gauge symmetries arise from singular
Calabi-Yau compactification. Thus in the field theory limit, appropriate Calabi-Yau com-
pactifications provide effective gauge theories in 4-dimensions. This is the basic idea of the
geometric engineering [f].

Let us consider Type ITA compactified on a Calabi-Yau 3-fold M . The Kéahler param-
eters of M are denoted by t;. Then, the F-term of the effective theory is given by [[[9, R(]

Z/d4:1:d49W29 Fy(t:) Z/d4:1: Tij Floy FIM 43 Fy(ti) Ry F 2977 (2.1)
g=0 g=1

I These partition functions are called K-theoretic because they are obtained from K-theoretic localization.



Here, W is W, = F,j?, — Ruvpo 0070 + -+, Fy is the self-dual part of the graviphoton
field strength, Ry is the self-dual part of the Riemann tensor, and Ffw is the U(1) gauge
field strength of the effective theory. Notice that the 4-dimensional U(1) gauge couplings

are given by
2

Hence the genus zero amplitudes of Type IIA strings Fy(t;) give rise to the effective gauge
couplings. This is the Seiberg-Witten theory [RI] in Type IIA string theory set-up. The
higher genus amplitudes F,(¢;) correspond to the graviphoton corrections to the gauge
theory. They play an important role in the Nekrasov’s partition function that gives a
closed expression for the Seiberg-Witten prepotential [fi, [[4, [(5].

Furthermore, the amplitudes of Type ITA strings F,(¢;) are identical with the topolog-
ical A-model string amplitudes Fy(¢;) of M which "count” the holomorphic maps from
genus g Riemann surfaces to a Calabi-Yau M [[Id, Rd]. The information of the partition
function was encoded in the Gromov-Witten invariants. The generating function of these
amplitudes is called the topological A-model string partition function

Z = exp (F(9s,ts) = exp [ Y g2972Fy(t:) (2.3)
g=0

Here g, is the topological string couplins constant.

2.2 Gopakumar-Vafa invariants

The target space perspective tells us that we can reformulate A-model as BPS state count-
ing problem. Let us consider M-theory lift of Type ITA on a Calabi-Yau, i.e. M-theory
compactified on a Calabi-Yau times a circle. This set-up gives rise to an effective field
theory in the transverse 5-dimension R"3 x S . The particles in the effective theory arise
from M2 branes wrapping holomorphic curves of M . The mass and the charge (j,,jr) of
the little group in 5-dimensions SO(4) = SU(2), x SU(2) , characterise these BPS parti-
cles. The masses are given by mx ) = T% +%. Here T% is the Kéahler parameter of the
curve class ¥ which M2 brane wraps, and n is the momentum along S '. Therefore the
mass (and cherge via BPS condition) is given by the curve class ¥ and the momentum n.
Integrating out these particles, we get the F-term of the effective theory

F= Y 35 NP logdety, o (A + ms? +2m s oL Fy)
ZEHQ(M,Z) neZjr.Jr

Ter (_1)0L e—2k95 or,

- > JL o=k
= D D) Ngeh® k (2sinh(k 9, /2))°

SeH2(M,Z) k=1 j,

Jr

Z q—2kl
_ Jr o 1\-2ip —kTs _ =~iL
= D DD N () e k (42 — q+/2)?

YEH2(M,Z) k=1 jj,




Notice that the graviphoton expectation value gives topological string coupling F; = 9;

and we introduce ¢ = e~ %. Changing representation basis of SU(2); so as to satisfy
. JL 00

ZN%L( > g = Eon% (1) (q*/2 —q_1/2)2g, we get the following expression of the

JL 9=

l=—7jp, =
A-model partition function

0o oo g _
F=logZ= Y ZZ%(qW—q—k/?fﬂe—Tz (2.4)

YEH2(M,Z) k=1 g=0

Integer valued invariants nY, which are defined as above are called ” Gopakumar-Vafa in-
variants”.
Ng JR) ig the number of the wrapped M2-branes, and they are not invariant under
the complex structure deformations of Calabi-Yau. Roughly speaking, this is the reason
why the information encoded in the partition function is not the full degeneracies Ng 1:JR)

but Ny¥ which are summed over SU(2), charges as
Ng =3 (-1)7HR(2 R +1) NG (2.5)
JR
However Ng J8) themselves are invariants for non-compact Calabi-Yau since these Calabi-

Yau 3-folds have no complex structure deformations [[[1]. Among them, local toric Calabi-

Yau 3-folds are important ones. Hence we define an extended partition function that counts

invariants Ng L:JR) as follows

F = Z Z Z NgL’jR) log det(ij) (A + m(27n)2 +2mys ) oL (Fy +F_))

YEH2(M,Z)n€Z jr,jr
Jr JR —2km
. ( > <tq>—2’“>< > (4 )
= 3 YYD NG (1) 20 i) kT =i m="Jr
Y k (tk/Z _ t—k/2) (qk/Q _ q—k/Q)

YEeH2(M,Z2)k=1j1,jr

Here ¢ = ef+ and t = ef™-.

The question now arises; how to compute these partition functions for non-compact
Calabi-Yau. In the case of toric Calabi-Yau 3-folds, the answer can be found in a dia-
grammatic methods named the topological vertex. Before we turn to the discussion of
topological vertex, it will be useful to take a look at the instanton counting of N'= 2 gauge
theory. Hence in the next section, we discuss the Nekrasov’s partition function of N'= 2
gauge theory. We will come back to the discussion of the topological vertex later.

2.3 Instanton counting of N' = 2 gauge theories

Instanton calculation of N'= 2 gauge theories in 4- and 5-dimensions has been developed by
Nekrasov [[{]. He found that the instanton coefficients of the Seiberg-Witten prepotential
are summed up to a closed form, and he provided the combinatorical expression of this
generating function. We call it the Nekrasov’s partition function. His conjectual observa-
tion was mathematically verified by Nekrasov-Okounkov [2J], Nakajima-Yoshioka [24], and
Braverman [RJ].



Take an N'= 2 SU(NV) supersymmetric pure Yang-Mills theory for example. Muiti-
instanton calculation involves an integral over the ADHM moduli space. It is in general
very hard to carry out the caluculation. However we can formulate the muiti-instanton
calculation of N'= 2 SU(N) supersymmetric gauge theory as integrals of equivariant closed
forms. Let us consider the following partition function of N'= 2 SU(N) supersymmetric
pure Yang-Mills theory

oo
znst Z A2Nk

k=1

Here @ ia the Coulomb moduli, A is the dynamical scale, and 7Z*(@) is a k-instanton
contribution. By deforming the theory by torus action on the moduli space, we can give
the partition function as an integral of equivariant differential

7k = / Dpe QY (2.6)
M(N, k)

where M(N, k) is the ADHM moduli space of k-instantons and @ is the BRST operator.
It is known that the BRST operator is an equivariant differential for torus action 7' =
U(k) x UM x U(1)? on the moduli space. Here U(1)? is the rotation groups of complex
plane R* = C? and their weights provide deformation parameters ¢;. Then we can apply
the localization formula

& 1

%: Ny (2.7)
Here py are isolated fixed points of the torus action and Lp, is the Lie derivative acting
on the tangent moduli space TM(N,k) . It is known that the fixed points of T-action
are uniquely specified by N Young diagrams (/1,...,M#x). Then we have to know the
weights det £p, of T-action on the tangent moduli space TM(N, k) for the purpose of
multi-instanton caluculus. The weights were caluculated in [26, [i, [4, [J] and the explicit
expression is given by

' 1
inst. = 2N il
7" (€1, €0,d,\) = E :A H H ap—aq — €1 Iy, (s) + €a(ap, (s) + 1)

a,b=15€Ekq
1
X 2.8
tg ap—aq+€1(lp, (5) +1) — eaap,(s) (28)

Nekrasov claimed that the partition function (B.§) leads to the Seiberg-Witten prepotential
after eliminating the deformation parameter e as follows
€162 log 7 (€1, €2, @, A) = FEE (@, A) + O(eq, €2) (2.9)

This conjecture was proved by using the thermodynamical limit of the random parti-
tion [RJ], the blow-up equation [24], and [RJ].



We can lift it to the 5-dimensional gauge theory result

inst. - _ 2N ||
Z5h (tvq,a,A,ﬁ)—Z BRI H H e tlub YTwEE (2.10)

a,b=1 s€lq

1
Here f3 is the radius of the compact fifth dimension S'. Let us choose the deformation
parameter € as h = € = —ey. In [[[(, P, [[I] the partition function was reproduced from
the string calculation via the geometric engineering

ZE]’VDek SU(N )(h, —h,@, A, B) = ZA=medel.SUN) (5 = g 1) (2.11)

and they verified the interpretation in [] that & expansion is nothing but the genus expan-
sion of the string partition function. Notice that the Coulomb moduli @ and the dynamical
scale A are engineered from the Ké&hler parameters of the Calabi-Yau. We review the
results (B-11)) for SU(2) theory later.

Thus it is natural to expect that there is a refinement of string theory to engineer
Nekrasov’ partition function for the general case €; # — €5. In this paper we calculate the
K-theoretic partition function (R.1() via the refined topological vertex and show that the
refined A-model of [[[§ reproduces the correct results.

2.4 Topological vertex and its refinement

It is known that we can compute the topological A-model string amplitudes for toric Calabi-
Yau 3-folds by using the topological vertex [f]. The topological vertex is the Feymnan-rules
like technique which arises from the geometric transition between A-model and Chern-
Simons gauge theory. The Feymnan diagrams, the vertices of diagrams, the momentun,
and the propagators are corresponding to the toric web- diagrams the tri-valent vertices

Cluy iy 115, Young diagrams p, and the weights (—1)("“)‘”‘ =Tl g

= , respectively. Here,
T is the Kéahler parameter for the 2-cycle corresponding to the hne of the web-diagram, p is
the Young diagram which propagates along the line. The framing number n is determined

by the toric diagram. The vertex is expressed using the Schur functions

() = 4"/ 5,0(a” stn ) sup(@ ) (2.12)

See appendix A for the definition and properties of the Schur functions. The vertices in
figure [l are glued as

> Onla) ()M 2T (0 (2.13)

where the framing number n is given by n = v/ Av = v’ vg — v v's.
The local Hirzebruch surface Fo = C(P* x P!) is a good example to illustlate the topo-
logical vertex calculation. This toric Calabi-Yau 3-fold is the typical SU(2) geometry that
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Figure 1: The toric diagram obtained by gluing the vertices Cy,, and Cysrpt
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Figure 2: The local Hirzebruch surface which is a line bundle over P! xP!

engineers SU(2) pure super Yang-Mills theory. The toric diagram is given by figure [, and
we can easily check that the framing numbers associated to the four internal lines are all
1. Appling the topological vertex to figure B, we get the following partition function

F o Py || Ko |+|m —K 2+kK 2—K 2—K 2
Z5(Qr, Qp) = E QF' 1]+ S\QB\ 2l lHal g=hpy 24Ky [2—Fpg [2 =Ky /
Hoy Heo 13,y

X Copuypgt Cpat pyt Ciy g s Cp g st

= Z QBII%H_IMLI q+'w2 /2 ~ha /2 Kﬂ4 Ho (QF) Kﬂ2t gt (QF)
Ko,y

K, is defined as follows

Ku = ZQFW g~ Fa /2 Conpt Cut xt g
A

= 50 (07)5,(07°) > QplN 55 (47#7°) s, <q_ vt _p>
A

o

o 2 2+ t]]12 2 5 ~ 1

= qlel* 2412 2, (9) Z,(0) T] TR e R
ij=1 F

where we use the relation 5,(¢7°) = e 1772 17 (1 = qh“(s))_l = g1/ Z,(q) and for-

SEN
mula (A-T7). Let us separate out the perturbative contributions as
75 (Qp, Q) = Zpor (QF) Zipy. (Qp, QF) (2.14)
F _ 2
Zpert. (Qr) = Kop (Qp)” = -H1 1T-Qpqtit (2.15)
)=
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Figure 3: The refined topological vertex Cxu. (¢, q)

Then, we get the A-model partition function corresponding to the nonperturbative part of
the Nekrasov’s partition function

Fo o _ W+ Il 5 () 7 () Zta) Fon ()| T e @r T
Ziy = Qp q Z(q) Zuw(a) Zu(a) Zor(@)| [ | 10, q- Fiovh T T
v ij=1 F
(2.16)
In fact, appling the formula (B.2() for the special case we can show that the above result
is identical with the Nekrasov’s partition function of the SU(2) Yang-Mills theory (R.10)
for t = ¢q. The identifications of parameters are given by

Qp = (BN, Qp =™ (2.17)

Recently, the topological vertex formalism for the refined partition functions has been
proposed in [@] via melting crystal picture of the topological vertex. We call it the refined
topological vertex. It was claimed that the refined topological vertex is constructed so as to
engineer the K-theoretic version of the Nekrasov’s partition function. We verify this claim
in the next section. The proposal of [Ig] is as follows: the refined vertex corresponding to
figure ] is given by

HMIIZ;rIIVH2 . PNLELE .
CAH,,(t,q) = (Z) t2 Pu(t";q,t) Z (;) Syt /n(t_f’ ) Su/n(t_l’ q")
n
(2.18)
and we glue the "t-edge” and the ”g¢-edge” with weight
fult,q) = (=100 g=rl) (2.19)

The specialization of Macdonald function P,:(¢t=;q,t), ||u||?, and n(u) are defined in ap-
pendix A.

The purpose of this article is to confirm that the refined vertex for SU(N) geometry
engineers the K-theoretic version of the Nekrasov’s partition function. The refined partition
functions for the SU(2) and SU(3) geometries and their blow-up were computed in [Lg].
Hence in the next section, we generalize their discussion to the general SU(NN) geometries
and their blow-up. As the result, we propose that we shoud modifiy the framing factors in
order to engineer the Nekrasov’s results.
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Figure 4: (a)The toric diagram of SU(N) geometry (b)The building block of SU(N) geometry,
and refined vertex on this geometry implies Ku,...uy (Qp1:-- -, Qrn_1)
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3. Refined A-model amplitudes and Nekrasov’s partition functions

In this section, we compute the refined partition function for SU(NN) geometry via refined
topological vertex. The important point of the result in this section is that these refined
partition functions are the same as the K-theoretic version of the Nekrasov’s partition
functions under the little modification of the framing factor. This result verifies the proposal
of the refined topological vertex.

3.1 N =2 SU(N) super Yang-Mills
3.1.1 A-model partition function

The toric diagram of SU(N) geometry which give rise to the N'= 2 SU(V) super Yang-Mills
are shown in figure f](a). The parallel edges corresponding to the base P! are the preferred
directions of [I§. For fixed N, there are N + 1 inequivalent geometries (m = 0--- N)
which give SU(V) super Yang-Mills. The number m is the Chern-Simons coefficient of the
5-dimensiomal theory in the gauge theory side.

Let us start with the computation of the subdiagram figure fl(b). For the reason which
we discuss later, we modify slightly the framing factor proposed in [Ig] as follows

1112
bl el t 2 "
Fultig) = ()M a7 = (- <q> ) (3.1)
Using the refined vertex, we can express the subdiagram as
Aa
Kuyony (Qpas- -+ Qpy—1) = Z H ) 0) ot (120)
“AN—1a=1
G112 2 2
> K, Xall+ltall
- = Il > o (—) ()
“AN—1a=1M1"
. q ma‘+|ka71|*ua‘
X 2" Put (t7°5q,1) (Z 2
X Sx s /ma (EP 1) 55, (t_ pa' q_p) (3.2)



Notice [|p|* — H,utH2 = Kk, and \p = An = ¢. Simplifing the summation, we get

N
lral® 5
Kuyony (Qpas-- - Qrn-1) = H {q 2 Zua(t, Q)]
a=1

1Mal

SPIIpY TL0R (4) % oas i (00 ) 5y ()

“AN-1"1 NN a=1

The sum involved in the above subdiagram becomes

Z 2. 1l <\/7QF“>AG|SA“/"“< fe “a”) SXa /" (t_“a”r% q_p)

“AN—1"1 NN a=1
q ‘)\a| t 1 1
Z Z H (\/;QF@) SXa /Pa-1 <t_““ t3 q_p) 5)a/Pa <t_p g~ Hatr —§>
“AN—1P1PN—1 a=1

Notice taht pg = Py_1 = ¢. We can take the summation over Young diagrams by Lemma
3.1 of [[[J], or using the vertex on a strip [27] as we will disscuss in the next subsection.
Then we get

N 2
Kuyny (Qra) = H[ b Zp, (t Q)]

a=1

1
< ] H — : (3.3)
L<acb<Nij=1 1 = Qapt™Mai 7 g7 ot
b—1 b—1 _
where Q, = lH <\/§ QF,I) = lH Qry-
=a =a
Let us glue these subdiagrams. The framing factors are given by n, = (a —m — 2, —1)A
(a—N+1,1)=—(N +m —2a+1) as figure §. Then, the A-model amplitude is

7 A=model SU(N) (Qp, Qra) = Z H[ [Hal L fu, (6 a)" ]

BN a=1
Ky py (QFa’t q) K, .. ut (QFa’q’t)
pert N (Qpa) Zin ™Y (Qp Qra) (34)
The perturbative part of the partition function is given by [f]
Z;lertmodel SU(N (QFa) = Koo (QFﬂ)z
By substituting (B.) into (B.4), we obtain

A—model SU(N g ||uau2 W\F
2 @0 = 3 T [0 0™ 4 200 2
BN a=1
I 1= Qut ¢
b~ b
\<achen g1 L = Qapt™ Mai T g7 e HmL L — Q¢ Has HI T g Fos 4

(3.5)

As we show in the next subsection, the partition function is identical with that of Nekrasov.

— 10 —



3.1.2 Identification with Nekrasov’s partition functions

In this subsection, we show that the refined A-model amplitude agrees with the K-theoretic
version of the Nekrasov’s partition function:

A—model SU(N Nek ,SU(N) (A
Zznst (QB’ QF a) - Znst ( <Q7 Qab) (36)

Recall that the K-theoretic version of the Nekrasov’s partition functions with a Chern-
Simons term is given by [R§, B9

=

A N N
e 5 |Al Al llall?
2SI, Qup) = Y0 (4" T el 755 55 37)
- a=1
I

Note that Q,, = €, eb_l.
First, let us rewrite the character part [[ N 511' The identity

S g S g (3.8)
7] 1 ,] 1
follows from (t — 1) Y. q"i ¢ = (q_l ) E Mg fort,qg # 1 [Lq). It is easy to prove the
i=1
following formula using (B.§) (take the logarlthm of the equation(B.9))

o0 o0
11 (1 _ Qi Mtigv “‘1) =11 (1 —Qqti I ‘”1) (3.9)
i,j=1 i,j=1
The character part of the Nekrasov’s patririon function is given by
1 _ H 1 H 1
a 1—Q¢ Mitilg-wi+i

N{LQ (tv q, Q) (z ) EM Qtu - qti —itl (4,9)ev

_ H 1-Qv7'¢ (3.10)

11—Qt H-‘rl 1q_yl+]

where {1 = p, Hy = 1v,Q5 = Q. By using (B.9), we have

ﬁ 1_Qtjqz_1 ﬁ 1_Qt]ql—1
ol QET gl 2 Qi ¢

1 1
= H o Qt_u; +1 g-vi+i—1 H 1 — Qtujt —i+1 qti—J
(i,j)ev (i,5)€n
Bt —i)— t—it1
_ Loy M e VT LY
2 (w=j+h)— X (H—j) 1
q(i»j)EV (4,5)€p X _ (311)
N;l (t7Q7 Q_l)

— 11 —



The factors appear in the above equation become

min(t,v1)
> —ZZ” Z wivk= > v
(i,5)€v Jj=11i=1 (4,5)ER
W lul® 1yl
(i =3) = D101 =1) 4o+ (= )] = 5 — 28
(i)en i=1

Hence we obtain

2 t)2
v

1 q\—'5 '3 .
_ _ _ (—Q)ll+ (4 7
Niy (t,q,Q) Ny, (t,q,Q71) (t)

K

2 (3.12)

vl

« H 1-Qpt ¢ 1-Qpt'¢!
—ut 45— . _ut 44 .
Goi 1= Quut T T i 1 - QM g it

It is easy to show

1 ol (5) Y 0 Zin ey
— =(— - . (L ¢t (q, .
Nba (t7Q7 Qua = 1) q g .

By combining above identities, we can rewrite the Nekrasov’s partition function as follows

2
1

A K] N+ N
O e (O | G e
m

2
Il

Nab(t’ q, Qab) a=1
a<b
i N (N4m—2a+1) 14411 .
= Z(_l)Nlﬁ\Q\u\ H |:Q|lza|+‘“b|i| H [emIHal (_) E (Nrm—2ar1) e
a
i a<b a=1
A uua 2 . -
Xt 2 2 Zy,(t, q)Zut(q,t)]
1—@ bt’ Lgi 1-Q,tigi-!
a<bi,j= 11— “J q—Foi Jl—Qabt aj Tt q— My +3

R N
Next, let us rewrite the remainder Qlul II Qﬁalﬂubl II eznw“l. We shall rewrite it in

a<b a=1
terms of the Kihler parameters of the base and the fiber P!’s by showing the following

identity

N N
cQu" ] Qlal+nl [T =T] Q'ﬁf“a' (3.15)

a<b a=1 a=1
We prove this identity in the case of N =odd and m =even for example. It is easy to
generarize this proof. First we use the results of [, that is, @ B, are given by the base
and the fiber Kéhler parameters and they satisfy

N+m 1

N
n (N-+m=20) (11| ++{1a ) (N-+m=20) (o y1|+-+it )
[1Q5: =@ H Qra H Qra

(3.16)
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Here we modify Qp, to Q Fq iD the case of the refined partition function.
On the one hand we can obtain the following identity after some algebra

B || |ta|
||| = NN o (N—2b) '
B+t ~a ~N—a

HQab - QF,a H QF,a H Q
a<b a=1 a= ;rl a=1
[Hq
N-1 a—1
~(2b—N)
H Qrp
a_N+1+1 b N+1

) | o

- N-1 -

. ~a ~N—a (N=2a) (|1 |4-+|Ha])
= I Qra Il @ra"| II@ra

a=1 a= ;rl a=1

N (20 W) (taa |+t

~\2a— Hati1|++|HN
Fa (3.17)
=111

b—1 _ .
Here we use Q,, = [[ Qp;- Using Qp, = €4 a1, we can also show

l=a

it N-1

~m(|He]+ e+ Hal) H A= Ray1|++EN])
| | QF QF,a
a=1

_N+1
a="

N+m 1 N+m 1
(N+m—2a)(|t1]4-+|Kal) —2a-+N+m)(|fat1|+-+|Hn])
x H Qr H Qra

N+1 N+1
N—-1 N—-1 m N+m 1 (|u1|+“'+|NN|)
2 2
= [Hal [Hal (N+m—2a)
= Fb H H QF H Q
a=1 b=a = N2+1+1b N;rl N;rl
N+m 1 N , |ﬁ| N—1
R +m— CL m“’ta|
= <6 N2+1) H Q €a (3.18)
a= N;l a=1
N+m 1
H QN—l—m 2a
a=N+1
C = — (3.19)
m T Nl N-—a
(exe)™ T1 Q% 11 QY
Poen
Finally, (B.14) (B.15) imply the following equality
A del, SU(N Nek,SU(N
Zlnstmo © (Q37 QF a) - Znst ( ) <Q7 Qab) (320)

where Q = (=1)NC(eq,t,q,m) Qp.
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: ) (—1,—1) cmilrve/.'
(~1,~1) curveNZ2 0 curve o0y e

Figure 5: A toric diagram of a strip geometry which is obtained from triangulation of a strip toric
data

3.2 Modification of the framing factor

Recall that we adopt the modified framing factor

)2 2
Hp” 1l [l

fultiq) = ()72 7% (3.21)

in the calculation of this section. If we use the framing factor without our modification,
we get the additional factor

ﬁ <3> N (3.22)

a=1

in the summation of the refined patririon function. They cannot be absorbed into the Q and
break the equivalence (B.20). Hence we need the modification of the framing factor (B.1)).

n, are small integers for the SU(2) and SU(3) geometries, so the partition functions
are insensitive to the factor (B.23) in [I§]. On the one hand, the mismatch (B.23) is obvious
for SU(N) geometry with general Chern-Simon term m.

3.3 Adding matters and strip geometries

By blowing up the SU(N) geometries, we can add matters to the Nekrasov’s instanton
calculation via the geometric engineering. The Kihler parameters of the blown up P!’s give
rise to the mass parameters of the matters. These geometries is obtained by gluing strip
geometries. A strip geometry is a toric Calabi-Yau that contains a chain of P!’s. Each P!
locally forms a (—1, —1) curve O(—1)®O(—1) — P! or (=2,0) curve O(—2)®0(0) — P! as
figure | Following [R7], we take the chain of (—1,—1) curves figure [f] for example. Gluing
these strip geometries, we get the toric Calabi-Yau that engineers N'= 2 SU(N) gauge
theory with Ny = 2N [R7]. The refined vertex on the strip geometry figure fj(a) yields

Kgllg;f - . ; } (_ QM,l)IM‘ (_ QF,z)‘VQI (— QM,2)W2I T (3.23)
Ha §,Va

X CV{ iy Oy 1 By CV§ o o CVSﬂéﬁg Koo
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(65) (e%)
B2 H2 B!
ag
B3

(a) (b)

Figure 6: The building blocks of the toric Calabi-Yau that engineers SU(NN) gauge theory with
Ny = 2N

< % Q)™ )™ (4) 1 e (5) T e
(1ol {va) @ t q

{rPa}.{oa}
loal+|vat1]—I#al

y <g) \paH\Véﬂ*Wﬂ\ E 3
t q
X v a (707 ) s, 100 (70507 ) 800, <q_pt_ %) S (q_ %)

where 1 = V11 = ¢. They involve the following sum

Z H Wa (_QF,G)‘VG‘

{ra}.{va} a
{Pa}t.{oa}

1 1 1

Using the method of Igbal-KashaniPoor [R7], we can take the summation. The only differ-
ence from the result of [27] is the arguments of Schur functions. Bewaring the difference,
we get the sum as follows

1 1
[T [0 =Qusa r3ee] ] ot = Qp 0,17 2 0

1<a<b<N 1<a<b<N
1 1 1 1
X H {t—aﬁ q_p_E’Qaa ayp tPrz g ab} {q—p t_ﬁa_EvQﬁa By tr q—ﬁﬁ-l-g} (3'24)
1<a<b<N

We provide the direct proof in appendix [B. Here Kihler parameters are given by

Qa, 8, = Qo Qrat1 Qurp—1 Qrp Qurp = Qap @arp
Q8 0, = Qrat1 Quip-1Qrp = QJT/}@ Qup
Qapa, = Qma Qrat1 Qurp—1@rp = Qap
Qs 5 = Qra+1 Qup-1QrpQurp = Qﬁa Qap Qnrp
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and we introduce

o0 oo

[z,y] = H 1+ z9),{z,y} = H (1—=; yj)_l (3.25)

i,j=1 B,j=1

Then we obtain the following expression

ar o leall® 184l ~ -
Kﬁfﬁj’f.':H[q 2t 2 Zaa(t,q)Zga(q,t)} (3.26)

a

o
Cat il gt 41
X H H (1_Qaaﬁbt ®ai T2 g7 Pyt 2)

i,j=11<a<b<N

H <1 - Qﬁa ap t_ﬁavi""j_% q~ . +i—%>
1<a<b<N

ot - o\ 1 _ i gt o —1
< 11 (1—Qaa%t i HT g O T 1) <1—Qﬁa5bt Faiti=lyq ﬁb»z“)
1<a<b<N

The amplitude for the pair of this strip geomerty figure fj(b) is given by

0185 llogll? 1183112 .
Katlag., :H t 2 q 2 Zaz(q,t) Zﬁé(t, q) (327)

oo
1Tt g B i g
<TI0 IT (0 Qg et ha s

i,j=11<a<b<N

H (1_Qlﬁaabt_6“ﬂ'+j_% q_ab,j+i—%)

1<a<b<N

. -1 , _
—at -1 ,,— e I R L Y |
< 1 <1_Q'aaabt et ab”ﬂ) <1—Q'ﬁa6bt Baitd q= P+ )
1<a<b<N

1

Gluing them, we get the Nekrasov’s partition functioin for N'= 2 SU(V) gauge theory with
Ny =2N

N
Z= Z H (faa (t7Q) QBlaa‘) Kgdl)QQ(Qabv QM,a) KZ?;tm(Qabv Q/]V[,a)

2
ay ag-a=1

It is not so hard to generarize the above caluculation of the refined vertex for another strip
geometries which contain (—1,—1) curves and (—2,0) curves. Then we can engineer the
Nekrasov’s partition functioins for various N'= 2 SU(N) quiver gauge theories with matters
by gluing these amplituses.

4. Conclusion

In this paper, we have applied refined topological vertex for SU(N) geometries and re-
produced the K-theoretic version of the Nekrasov’s partition functions. From this results
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we can adopt refined topological vertex as a 2-parameter extension of topological A-model
under the modification of the framing factor. As we discussed in this paper, the necessity
of the modification become clear in the case of SU(N) geometry. We have also discussed
a refined vertex on a strip geometry. Many of the nice properties obtained in [27] are
maintained in the case of refined vertex. The important point is that refined vertex on
strip reduces to a summation of Schur functions which is essentially discussed in [R7].
Hence Schur functions of the partition functions can be summed up as in the case of the
topological vertex on strips.
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A. Young diagrams and Schur functions

Young diagrams. The Young diagrams is defined as a sequence of decreasing non-
negative integers

po=Ari € Lot = Ho > -} (A1)
The transpose of u is defined as follows
ph= {1t e Zso | M = #4il 1 > 5}) (A.2)

The size and the norm of the partition is denoted as

d(p) , d(p)
= wg |l =" w2 (A.3)
=1 =1

For (i,7) € u, we define the following quantities,

au(z,]) = My _jvl,u(zvj) = M; —1
a’/u(iaj) = j - 17llu(i7j) =i—1
We introduce the hook length of the Young diagram
hu(iy ) = M —j + 15 —i+ 1

It is also useful to define the following quantities

n) =Y (=Dt ry= 3 (i)
i=1 (i,5)€n

It is easy to show that they satisfy the following identities

n) = 5 o -1) = S0 (5) = 3 1u(5) (A4)

7=1 EIS) sen
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d(p)
1
() = 5 Y malii=1) =Y _a'u(s) =D _au(s) (A.5)
=1 SEW SEN
2
R = 2(n(1') = n(u)) = [lp)® ||| (A.6)
> huls) = nlu) + () + |l (A7)
sep
Schur functions. The Schur functions for N variables (1,...,2y) are defined by the
determinant formula
deti7 —1,.N :Ez.ﬂj +N—j
SM(Iﬂl,...,l‘N) = J ( ) (AS)

det; j=1, .~ (2N 77)

From the definition, the Schur functions are symmetric under the permutation of the vari-
ables. Moreover it is known that they form an orthogonal basis of the symmetric polyno-
mials. We can also define the skew Schur functions by

Su(@) =D et s,() (A.9)
P

Here we introduce the Richardson-Littlewood coefficients c,pw

su(x) sy(z) =Y b, 5,(x) (A.10)
p

We have the product expression for the Schur function of the variables {¢’} =

i L
{a Z+2}i:172,,,, BA

s (0P) = s,(a2,92,..) =0 2 Z,(q) (A.11)
where

Zuta) =TT (1= @) ™ (A12)

Using this formula, we obtain
$,(0°) = 0% 5,(0°) = (=)™ s, (a77) (A.13)

Let us introduce the 2-parameter extension of Z x(q) by

[
P,u(t_p;%t) =1t 2 Zut(tv(J) (A14)
~ -1
Zu(tsq) = [ (1 - e ) (A.15)
SEN

It appears in the refinement of topological vertex:

el ~ el ~

Coon(q) =0T 2 Zu(q) = Cogu(t,q) =0 2 Z,(t,q) (A.16)
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In summing the Schur functions, we use the following identities
Zsu($) suy) = H(l —x;y) 7" (A.17)
1% 2
Zs =JJa+y) (A.18)
(2]
Zsu/p Sue(y) = H (1—my;)" Zsp/y So/v(T) (A.19)
2
Z St 1p(@) 8,00 W) = [T L+ 2:8) D 55000 (4) St 0 (@) (A.20)
@] v
su(Qu) = QW 5,,(x)
Su/y(Qx) = Q|“|_M S;L/V(x)

They are important identities which we use throughout the paper.

—
?>

[\V]

—_
S~—

A.22

—~

B. Proof of formula

In this appendix, we prove the following identity for section 3.

ow ‘““‘HQ Y T (0 0 (7)o
a=1

{ui}, {vi} a=1
(y(a)) Suairt [ oart (z(a—i-l))

{pi}. o5}
- H [‘T(a)’Qaaﬁby(b)] H |:Z(a+1)’QﬁaOébw(b)]

1<a<b<N 1<a<b<N
{:C(a)’ Qa, o w(b)} {z<a+1>, Qs 5 y<b>} (B.1)

where we take the sum over the Young diagrams fq---Hy, Vo---Vn, Po-- PN, and
o9 ---opn. Notice that we denote p1 = o1 = ¢. in the formula.
Let us show the identity. The first line of this equation becomes

N
S T @ua Qralo

P2 PN a=2
oo N

X Z ﬁ Stq [ Pa (QM,a ﬂf(a)) Stat [ 0ass <y(“)) Svgint [ urt

K1 PN a=1

g v
(QF@—H Z(a+1)) Sl/a+1/pa+l <w(a+1)>
N

N N
= H |:‘7:(a)7 QM,a y(a):| H |:Z(a+1)7 QF,a-‘rl w(a—l—l)] Z Z H QM,a‘aa‘ QF,awa‘

a=1 a=2 A aAN_1 PPN a=2
ﬁzﬁN 09 O N

N

X H Soar1t /aa <QM7a x(a)) Spat [ aq (QM,G y(a)) 5Pat1t/ Basr’

a=1
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(QF,a—H Z(a+l)) 50at1? / Baya (QF@‘H w(a+1))

N-1 N

alifll [x(a), QM. y(a)] H [Z(a)’ Qra w(a)] {$(a)7 Orro Qrons w(a-i-l)}

a=2 a=1

{ZWFI), Qra+1 @M a+1 y(a+1)}

N-1 N-1

B «

< > > I @ren™ [T Qua™
B BN a=2

—1 727 IN-1 a=1

X Nl__[l Sag /Va (QF,aH w(a+1)) 88,/ Ya (QM’“ x(a)) %Ba" / dat1

a=1

(QM,a—H y(a+1)) Sagy1t /a1 <QF7“+1 Z(a+1)>

Using this result repeatingly, we obtain the second line of the formula (B.T)).
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